
MA6024-Partial Differential Equations
Day 3/44 : First Order and Second Order PDEs

Simple Problems

Panchatcharam Mariappan1

1Assistant Professor
Department of Mathematics and Statistics

IIT Tirupati, Tirupati

September 4, 2020



Classification of PDEs

1/16



Why Classification

• Based on the number of properties we can group families of similar
equations
• In fact, a few researchers see no advantage of the classification process
• Some classifications are giving a few branding, like Navier-Stokes, Heat

Equation etc
• Some classifications help to identify or guess or predict the properties of

solution of PDEs in that class.
• Some classification helps to identify the allowable initial and boundary

conditions
• A few classification helps to select an effective numerical method
• Classifications are done using characteristics, order, linearity and so on.
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PDE

Definition 1 (PDE-Formal Definition)
Let Ω ⊂ Rn,m ∈ N and

F : Ω× Rp × Rnp × Rn
2p × · · · × Rn

mp → Rq

A system of partial differential equations of orderm is defined by the equation

F (x,u, Du, D2u, · · · , Dmu) = 0 (1)

Here some mth order derivative of the function u appears in the system of
equations.
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Classification-I - System
Based on the number of equations, we can classify PDEs.

Definition 2
If a PDE (1) consists of more than one equation, it is called a system of PDEs.
Otherwise, it is called a single PDE or a scalar PDE or simply PDE.

Exercise 1:

Classify all PDEs given in our last class into system of PDEs and single
PDE
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Classification-II - Order
Based on highest order derivative, we can classify PDEs.

Definition 3
If the highest order derivative appearing in the PDE is m, then such PDEs are
classified asmth order PDEs.

Exercise 2:

Find the order of PDEs of all PDEs discussed in our last class.
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Classification-III - Linear/Nonlinear
Through algebra also, we can classify PDEs. In algebra, we categorize
algebraic equations as linear and nonlinear equations. To define linearity, let
us rewrite the equation (1) as

Lu = f (2)

where L is an operator which assigns u a new function Lu. Here f is a
function of x only.

Definition 4
The operator L is called linear if

L(αu+ βv) = αLu+ βLv (3)

for any function u and v and constants α and β.
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Classification-III - Linear

Definition 5
If the operator L in (2) is linear, then the PDE is called linear PDE. Equivalently,
anmth-order PDE is linear if it can be written as∑

|α|≤m

aα(x)Dαu = f(x) (4)

Here aα’s are function of x only.

Example 1
1. ut + ux = 0

2. uxx + uyy = 0

3. ut + x2ux = 0
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Classification-III - Nonlinear

Definition 6
If the operatorL in (2) is not linear (or equivalently it can’t be written in the form
of (4)), then the PDE is called nonlinear PDE.

Example 2
1. ut + uux = 0

2. u2x + u2y = 0

Exercise 3:

Identify the list of linear and nonlinear PDEs from all PDEs discussed in
our last class.
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Classification-IV - Quasilinear
We have categorized PDEs as linear and nonlinear already. The PDEs can be
further categorized based on linearity of different derivatives. For example,
• Quasilinear
• Non-Quasilinear or Fully nonlinear

Definition 7
The equation (1) of orderm is called quasilinear if it is linear in the derivatives of
ordermwith coefficients that depend on the independent variables and deriva-
tives of the unknown function of order strictly less thanm.
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Classification-IV - Quasilinear

Definition 8
Equivalently, anmth order PDE is quasilinear if it can be written in the form∑

|α|=m

aα(x, u,Du, · · ·Dm−1u)Dαu+ a0(x, u,Du, · · ·Dm−1u) = 0 (5)

Here aα’s are function of x and derivatives of the unknown function of order
less thanm.

Definition 9
Anmth order PDE is called fully nonlinear if it is not linear in the derivatives of
order m. Equivalently, a PDE which is not quasilinear is called fully nonlinear
PDE.
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Quasilinear
Example,

ux + uuy = 0

For,

(c1u1x + c2u2x) + u(c1u1y + c2u2y) = c1u1x + c2u2x + c1uu1y + c2uu2y

Example 3
1. ux + uuy = 0 is quasilinear
2. ut + a(u)ux = 0 is quasilinear
3. u2x + u2y = 0 is not quasilinear. It is fully nonlinear

4. div
(

∇u√
1+|∇u|2

)
is fully nonlinear

5. ut + u2x − u = cos(xt) is fully nonlinear
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Classification-V - Semilinear
Quasilinear PDEs are further categorized into
• Semilinear
• Non-semilinear

Definition 10
A quasilinear PDE of order m is called a semilinear PDE if the coefficients of
derivatives of orderm are functions of the independent variables alone.
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Classification-V - Semilinear

Definition 11
Equivalently, anmth order PDE is semilinear if it can be written in the form∑

|α|=m

aα(x)Dαu+ a0(x, u,Du, · · ·Dm−1u) = 0 (6)

Here aα’s are function of x alone.

Example 4
1. ut + ux + u2 = 0 is semilinear
2. ut + uxxx + uux = 0 is semilinear
3. xux + yuy = u is semilinear
4. ut + uux = 0 is not semilinear
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Thanks
Doubts and Suggestions

panch.m@iittp.ac.in
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