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1/27



Solution of PDE
We desired to solve PDE such that the criteria of well-posedness satisfies.
What is a solution?
• A function u(x) is a solution to a PDE if u and its partial derivatives

appearing in the PDE satisfies the PDE identically for x ∈ Ω.
• Should it be real analytic? Should u ∈ C∞(Ω)?
• We wish! But we are expecting too much.
• It is better to require a solution u of anmth order PDE such that
u ∈ Cm(Ω). (Why?)
• We call a solution with this much smoothness a classical solution of the

PDE.
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Weak Solutions and Regularity
Question: Can we always obtain a classical solution?
Answer: Not always, for certain specific PDEs we can obtain.
For example, consider the Burger’s equation

ut + uux = 0

This models the formation and propagation of shock waves. A Shock wave is
a curve of discontinuity of a solution u. To study conservation laws and
underlying physics, you must allow u as not continuously differentiable, some
times not continuous also. Hence, conservation laws in general do not
possess classical solution. However, if we allow weak solutions or
generalized solutions, it is well-posed.
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Methods to solve PDEs
In this course, we will see mostly the following approaches to solve PDEs
1. Fourier Method: We apply the Separation of variable methods to reduce

the PDEs to simpler eigenvalue problems in ODEs. This method is called
as Fourier method or Separation of Variables method or solution by
eigenfunction expansion method.

2. Green’s Function Method: We apply the fundamental solution to search
for radial solutions. Also known as Green’s function method.

3. Energy Method: Using calculus of variation method or Variational
formulation method

4. Method of Characteristics
5. d’Alembert’s Method
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Simple Problems
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ODE Simple Example
How do you solve the simple problem in ODE

dy

dx
= 0

Using fundamental theorem of calculus, you can solve this and obtain

y = C

where C is a constant.
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PDE Simple Example
Now consider

ux = 0 (1)

For PDE, any function which is independent of x will be a solution. Let us
assume u is a function of two variables u(x, y), then we obtain that

u = f(y) (2)

where f is any arbitrary function of y. (Of course! f ′ must be continuous
(Why?)) (2) represents all possible solutions of (1). (2) is called the general
solution of (1).

Remark
In ODE, a general solution involves arbitrary constants, whereas in PDE, a gen-
eral solution involves arbitrary functions. When we assume u is a function of
three variables, u(x, y, z), then u = f(y, z) is the general solution of (1).
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PDE Simple Example

Examples 1
Find the general solution of the PDE

uy = 2x

u(x, y) = 2xy + f(x)

where f is an arbitrary function in x

Examples 2

uy = sinx+ cos y

u(x, y) = y sinx+ sin y + f(x)

where f is an arbitrary function in x.
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PDE Simple Example

Examples 3
Find the general solution of the PDE

uxxz = x+ y − z

uxx = xz + yz − z2

2
+ f(x, y)

ux =
x2z

2
+ xyz − xz2

2
+ f1(x, y) + g(y, z)

u =
x3z

6
+
x2yz

2
− x2z2

4
+ f2(x, y) + xg(y, z) + h(y, z)

where f2 is an arbitrary function in (x, y) , g and h are arbitrary functions in
(y, z).
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ODE Again

Examples 4
Find the general solution of the ODE

dy

dx
+ Py = Q

The solution to this ODE is

y = e−
∫
Pdx

(∫
Qe

∫
Pdxdx+ C

)
where C is an arbitrary constant.
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PDE Simple Example

Examples 5
Find the general solution of the PDE

ux + 2u = y

We apply a similar strategy. Here, P = 2, Q = y

u = e−
∫
2dx

(∫
ye

∫
2Pdxdx+ f(y)

)

u = e−2x
(∫

ye2xdx+ f(y)

)
= e−2x

(
1

2
ye2x + f(y)

)
u =

y

2
+ e−2xf(y)

where f is an arbitrary function.
Remember this problem, we will look at it again in different way. 11/27



PDE Simple Example

Examples 6
Find the general solution of the PDE

uyy + u = 0

This is similar to ODE y′′+y = 0. The solution of this ODE is y = a cosx+b sinx,
where a and b are arbitrary constants. Now, in place of a and b we replace it
with arbitrary functions f and g. That is the solution of the PDE becomes

u = f(x) cos y + g(x) sin y
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PDE Simple Example

Examples 7
Find the general solution of the PDE

u2uy = y

This is similar to y2y′ = x which is a separable ODE, the solution to this ODE is

y =
3

√
3

2
x2 + c

Can you guess the solution of the PDE?

u =
3

√
3

2
y2 + f(x)

where f is an arbitrary function.
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Exercise

Exercise 1: Easy

Find the general solution of the following PDEs
1. ux = sinx+ cos y, u = u(x, y, z)

2. uyy = x2y

3. uxy = x− y
4. uxxy = 0

5. ux − y2u = 0

6. ux + 3u = ex, u = u(x, y)

7. uy = 2x, u(x, 0) = 3x
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The Principle of
Superposition
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Superposition Principle - Linear PDE

Theorem 1 (Superposition of solutions)
If u1, u2, · · · , un are solutions of the linear homogeneous PDE

Lu = 0

then so is any linear combination of u1, u2, · · · , un
Proof Since u1, u2, · · · , un are solutions, we have

Lu1 = Lu2 = · · · = Lun = 0

Then for any linear combination

L

(
n∑
i=1

ciui

)
=

n∑
i=1

ciLui =
n∑
i=1

ci.0 = 0
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Infinitely many
We have applied the superposition principle for a finite linear combination of
solutions. However, life is more complicated in the realm of PDEs. We may
encounter infinitely many solutions u1, u2, · · · , before we find a general
solution

u =

∞∑
n=1

cnun

Here, convergence of the series plays a major role. We assume that whenever
the series converges, it satisfies the linearity condition.

Remark
Recall the correct theorems from Analysis Course! Point wise convergence or
uniform convergence.
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First-Order linear PDEs
with constant Coefficients
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First-Order linear PDEs with Const. Coeff.
Consider the general first-order linear PDE

a(x, y)ux + b(x, y)uy + c(x, y)u = f(x, y), (x, y) ∈ Ω ⊂ R2 (3)

• We are expecting an u(x, y) such that u ∈ C1(Ω), and u satisfies (3).
• We expect u = u(x, y) is an explicit function of x and y or an implicit form

of the solution U(x, y, u) = 0 which is known as integral surface or
solution surface.

Let us look at how to solve the problem when a and b are constants, that is,

aux + buy = 0 (4)

where a and b are constants such that a2 + b2 6= 0. Equation (7) is often called
the convection or advection or transport equation.
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Geometric View Point to get Solution
Equation (7) can be rewritten in the dot product in R2 as follows

(a, b).(ux, uy) = 0 or (a, b).∇u = 0 (5)

What does equation (5) represent geometrically? Let v = (a, b), then (5) can
be rewritten as

Dvu(x, y) = 0 (6)

whereDvu denotes the directional derivative of u in the direction of the
vector v. Therefore, the solution (6) must be constant in the direction of the
vector v = (a, b) and hence for (5) and (7).
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Geometric View Point to get Solution
The lines parallel to the vector v = (a, b) and through a point (x1, y1) is given
by (from School Mathematics on Geometry)

x− x1
a

=
y − y1
b

=⇒ bx− ay = c

Any line parallel to the vector v has the equation bx− ay = c. Since
(b,−a).(a, b) = 0, (b,−a) is a normal vector to the lines parallel to v. Since c is
arbitrary constant, bx− ay = c determines the particular line in the family of
parallel lines. These lines are called characteristic lines for the equation (7).
Refer Figure in the next slide.
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Characteristic Lines
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Solutions
Since u(x, y) is constant in the direction of v and hence along the lines
bx− ay = c. The line containing the point (x, y) is determined by bx− ay = c.
Therefore, u will depend only on bx− ay, that is,

u(x, y) = f(bx− ay)

where f is an arbitrary function. You can verify that aux + buy = 0.
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Method of Characteristics

aux + buy = 0 (7)

The underlying concept of Method of characteristics is to covert the PDEs into
a system of ODEs. In order to have an ODE, let us eliminate one of the partial
derivative in the equation (7). Since the directional derivative vanishes in the
direction of v = (a, b), let us transform the coordinate system such that its x−
axis is parallel to v. Let (ξ, η) be the transformed coordinate system. That is,

ξ = ξ(x, y)

η = η(x, y)

In this coordinate system we have,

(ξ, η) = ((x, y).(a, b), (x, y).(b,−a)) = (ax+ by, bx− ay)
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Method of Characteristics

ξ(x, y) = ax+ by

η(x, y) = bx− ay

Let us convert (7) in (ξ, η) coordinate system

ux = uξξx + uηηx = auξ + buη

uy = uξξy + uηηy = buξ − auη
=⇒ aux + buy = (a2 + b2)uξ = 0

Since a2 + b2 6= 0, we have
uξ = 0

=⇒ u(ξ, η) = f(η) =⇒ u(x, y) = f(bx− ay)
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Characteristics
We obtained the same solution as we obtained from our geometrical view.
• This method is called method of characteristics
• The coordinates given below is called characteristic coordinates

ξ = ξ(x, y)

η = η(x, y)

Recall
In our first class, we have mentioned that ux +uy = 0 has a general solution of
the form u = f(x− y).
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Thanks
Doubts and Suggestions

panch.m@iittp.ac.in
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