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Second-Order ODE
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Second-Order ODE: General Form
A second-order ODE can be written in the following form (implicit form)

F (x, y, y′, y′′) = 0 (1)

or in explicit form
y′′ = f(x, y, y′) (2)

• Mechanical Engineering Vibrations
• Electrical Engineering (RLC circuit)
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Second-Order ODE: IVP
Similar to the first-order ODE initial value problem, we have second-order ODE
initial value problem which is given as follows:

F (x, y, y′, y′′) = 0, y(x0) = y0, y
′(x0) = y1 (3)

• IVP in first-order ODE requires only one initial condition - To eliminate
integration constant
• IVP in second-order ODE requires two conditions to eliminate the

integration constant

Examples 1

y′′ + y′ − 6y = 0, y(0) = 1, y′(0) = 0

y′′ − y = 0, y(0) = 6.0, y′(0) = −2 3



Second-Order ODE: BVP
In addition, if the problem is defined on an interval (a, b), then one can
prescribe conditions on each of the boundary points. This is called Boundary
Value Problem (BVP)

F (x, y, y′, y′′) = 0, y(a) = c, y(b) = d (4)

Four important (linear) boundary conditions are
• Dirichlet: y(a) = c, y(b) = d

• Neumann Boundary: y′(a) = c, y′(b) = d

• Robin Boundary

α1y(a) + β1y
′(a) = c, α2y(b) + β2y

′(b) = d

• Periodic: y(a) = y(b), y′(a) = y′(b)
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Second-Order ODE: BVP

Examples 2

y′′ + 4y = 0, y(0) = −2, y
(π
4

)
= 10

y′′ + 2y′ + y = 0, y(0) = 1, y(1) = 3

Examples 3
Heat transfer BVP for a rod of length 1.0 cm

d2T

dx2
− c2T = −c2Ta

T (0.0) = 25◦C, T (1.0) = 75◦C

where c2 = 16.0cm−2 (heat diffusivity) Ta = 20◦C
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Second-Order ODE: IVP vs BVP

Remarks
1. For given boundary conditions, the solution of the BVP may or may not

exist
2. If it exists, it can be unique or not
3. Existence and Uniqueness of BVPs are formulated in the form of

Existence and Uniqueness theorems
4. IVP and BVP occur for many engineering problems
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Second-Order ODE: Simple Harmonic

Figure 1: Source: Kreyzig Book

Examples 4
Assume an object weighing 9.8 kg stretches a spring 20 cm. Find the equation
ofmotion if the spring is released from the equilibrium position with an upward
velocity of 14 m/sec. What is the period of the motion? 7



Second-Order ODE: Simple Harmonic
Modelling Part:
• Hooke’s law F1 = −ky
• Newton’s second law F = my′′

• F = −F1 =⇒ my′′ + ky = 0

• W = mg = 9.8 stretches s = 20/100 = 1/5

• mg = ks =⇒ k = 49

• W = mg =⇒ 9.8 = m(9.8) =⇒ m = 1

• y′′ + 49y = 0

• y(0) = 0, y′(0) = −14
Solution Part: Let us solve the problem and find the period of motion once
we know how to solve the equation.
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Second-Order ODE: Motorbike Suspension

Figure 2: Source: Kreyzig Book and
https://www.isotechinc.com/product-category/air-cylinders-actuators/dashpots/
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Second-Order ODE: Lander Suspension

Figure 3: Source: https://en.wikipedia.org/wiki/Phoenix_(spacecraft)
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Second-Order ODE: Motorbike Suspension

• Real world problem has always some friction in the system.
• Friction - Oscillations die slowly - Damping
• Air resistance, physical damper or dashpot
• Damping is a friction force, proportional to the velocity of the mass and

acts in the opposite direction
• cy′ be the damping force
• my′′ + cy′ + ky = 0 =⇒ y′′ + c

my
′ + k

my = 0
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Second-Order ODE: Motorbike Suspension

Figure 4: Souce: https://www.heromotocorp.com/en-in/the-bike/super-splendor-bs6-101.html

Examples 5
A herohonda bike weighs 109 kg, and we assume a rider weight of 67.4 kg.
When the rider mounts the bike, the suspension compresses 9.8 cm., then
comes to rest at equilibrium. The suspension system provides damping equal
to 360 times the instantaneous vertical velocity of the bike (and rider). 12



Second-Order ODE: Motorbike Suspension
Modelling Part:
• W = mg = 109 + 67.4 = 176.4 stretches s = 9.8/100 = 0.098

• mg = ks =⇒ 176.4 = 0.098k =⇒ k = 1800

• W = mg =⇒ 176.4 = m(9.8) =⇒ m = 18

• 18y′′ + 360y′ + 1800y = 0

• When the bike was in the air before contacting the ground, the wheel was
hanging freely and the spring was uncompressed. Therefore, the wheel is
0.098m below the equilibrium position
• y(0) = 0.098 =⇒ 0.098 = c1

Solution Part: Let us solve the problem and find the period of motion once
we know how to solve the equation.
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Second-Order Linear ODE

• A second-order ODE is called linear if it can be written in the following
form

y′′ + p(x)y′ + q(x)y = r(x) (5)

• Nonlinear if it cannot be written in this form.
• If the coefficient of y′′ is not unity, then one can divide the equation by the

coefficient and bring that to the standard form.
• If r(x) ≡ 0, then (5) is called homogeneous. That is,

y′′ + p(x)y′ + q(x)y = 0 (6)

• If r(x) 6= 0 for some x, then (5) is called nonhomogeneous. That is,

y′′ + p(x)y′ + q(x)y = r(x) (7)
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Second-Order Linear ODE
• It is also represented by L(y, y′, y′′) or L(y) where L is linear in y, y′ and
y′′.
• Compactly, the homogeneous and nonhomogeneous equation can be

written as follows

L(y) = 0

L(y) = r(x)

Examples 6
Classify the following ODEs as linear, nonlinear, homogeneous and nonhomo-
geneous

y′′ + 25y′ + 36y = x2

y′′ + y = 0

y′′y + y′2 = 0

15



Solution of Second-Order Linear ODE

• Similar to the solution of the first-order ODE, a function y = h(x) is called
a solution of a linear or nonlinear second-order ODE on some open
interval (a, b) if h is defined, twice differentiable and replacing the h, h′, h′′
in the respective second-order ODE produces an identity.
• Instead of writing the equation as y′′ + p(x)y′ + q(x)y = r(x), we can

write it as (D2 + p(x)D + q(x)I)y = r(x). Here,D is called differential
operator.
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Some Important
Concepts
Superposition Principle or linearity principle,
Theorems and Reduction of Order
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Superposition Principle or linearity principle

Examples 7
Consider the ODE

y′′ + y = 0

• y1 = sinx is a solution of this ODE, for, y′′
1 = − sinx = −y1

• You can verify that y2 = cosx is also a solution this ODE
• What do you think about c1y1 + c2y2 with c1, c2 as constants?

Observations
• A constant multiple of y = c1y1(x) of a solution y1(x) of (6) is also a

solution.
• Trivial solution is always a solution to (6).
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Superposition Principle or linearity principle

Theorem 1 (Fundamental Theorem for the Homogeneous Linear ODE)
Let y1, y2 be solutions of the homogeneous second-order homogeneous ODE
(6) on an interval (a, b). Then any linear combination y = c1y1(x) + c2y2(x) is
also a solution of (6) on (a, b). Here, c1, c2 are constants.

Proof:

L(y) = L(c1y1 + c2y2) = c1L(y1) + c2L(y2) = c1.0 + c2.0 = 0

Warning
• This result need not hold for nonhomogeneous ODE.
• Consider y′′ + y = 1, y1 = 1 + sinx
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Linearly Dependent, Independent

Definition 1 (Linearly Dependent, Independent)
Two functions y1(x), y2(x) is said to be linearly dependent on an interval (a, b)
if there exist constants c1, c2 not all zero such that

c1y1(x) + c2y2(x) = 0

for every x in the interval. If y1, y2 are not linearly dependent on the interval, it
said to be linearly independent.
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General, Particular and Singular Solution

Definition 2 (General and Particular Solution)
• If y1, y2 are two linearly independent solutions of (6) on (a, b), then a

solution c1y1 + c2y2 which contains arbitrary constants c1, c2 is called a
general solution.
• If we choose a specific values for the constants c1, c2, it is called

particular solution.
• A solution which is not obtainable from a general solution is called

singular solution.

Examples 8
Consider the ODE

y′2 − xy′ + y = 0

This has a general solution y = cx − c2 and a singular solution y = x2

4 . Note
that, this is not a linear ODE. 21



Basis and Wronskian

Definition 3 (Basis)
If two independent solutions y1(x), y2(x) of (6) on an interval (a, b) are not pro-
portional to each other, that is, if y1, y2 are independent solution of (6) on (a, b),
then y1, y2 are called basis or fundamental solution of (6) on (a, b).

Examples 9
Consider the ODE

y′′ + y = 0

• y1 = sinx and y2 = cosx are solutions for this ODE
• Could you find a general solution?
• Could you find a particular solution?
• Do you think they form a basis?
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Basis and Wronskian

Definition 4 (Wronskian)
Suppose y1, y2 are differentiable, then

W (y1, y2) =

∣∣∣∣y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣ = y1y
′
2 − y2y′1

is called the Wronskian of y1, y2.

Examples 10
Find the Wronskian of the following two functions y1 = cosωx and y2 = sinωx.

W (y1, y2) =

∣∣∣∣ cosωx sinωx
−ω sinωx ω cosωx

∣∣∣∣ = ω cos2 ωx+ ω sin2 ωx = ω
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Wronskian

Theorem 2
If y1(x) and y2(x) are linearly dependent on (a, b), then the Wronskian of these
functions is 0 in any point x ∈ (a, b).

Proof: If y1 and y2 are linearly dependent, then either y1 = ky2 or y2 = ly1. Let
us assume y1 = ky2. Then

W (y1, y2) =

∣∣∣∣y1(x) ky1(x)
y′1(x) ky′1(x)

∣∣∣∣ = ky1y
′
1 − ky1y′1 = 0
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Wronskian

Exercise 1: Wronskian

Find the Wronskian
• y1 = e4.0x, y2 = e−1.5x

• y1 = x, y2 = 1/x

• y1 = x3, y2 = x2

• y1 = cosh ax, y2 = sinh ax
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Existence and Uniqueness for IVP
Consider the following Initial Value problems{

y′′ + p(x)y′ + q(x)y = 0

y(x0) = K0, y′(x0) = K1

(8)

whereK0,K1 are constants.
The following theorem is without proof as it is beyond the scope of this
syllabus. For more details, you can refer, Ince, E. L. Ordinary Differential
Equations, Dover Publications, 1956.

Theorem 3 (Existence and Uniqueness for IVP)
If p(x) and q(x) are continuous functions on some interval (a, b) and x0 ∈ (a, b),
then the IVP (8) has a unique solution y(x) on the interval (a, b).
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Linear Dependence and Independence of
Solutions

Theorem 4 (Linear Dependence and Independence of Solutions)
Suppose y1, y2 are independent solution of (8) on (a, b) with x0 ∈ (a, b), then
any solution y can be written in the form αy1 + βy2 for some α, β ∈ R. If S
denotes the set of all solutions of (8), then S is a linear space and dimS ≤ 2.

Proof: At the end of this lecture.
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Existence of a General Solution

Theorem 5 (Existence of a General Solution)
If p(x) and q(x) are continuous on (a, b), then (8) has a general solution on (a, b).
That is, dimS = 2

Proof: Let y1, y2 be two solutions of IVP such that

L(y1) = 0, y1(x0) = 1, y′1(x0) = 0

L(y2) = 0, y2(x0) = 0, y′2(x0) = 1

ThenW (x) 6= 0 sinceW (x0) 6= 0. Therefore, y1, y2 are independent. Hence
dimS = 2.

Remarks
The above theorem says that (8) does not have singular solutions.
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General and Particular Solution of
Nonhomogeneous ODE
Consider the following nonhomogeneous second-order linear ODE

y′′ + p(x)y′ + q(x)y = r(x) (9)

Definition 5 (General and Particular Solution)
A general solution of nonhomogeneous ODE (9) on an open interval (a, b) is a
solution of the form

y = yh(x) + yp(x) (10)

here yh = c1y1 + c2y2 is a general solution of the homogeneous ODE (6) on
(a, b) and yp is any solution of (9) on (a, b) containing no arbitrary constants.
A particular solution of (9) on (a, b) is a solution obtained from (10) by assign-
ing specific values to the arbitrary constants c1 and c2 in yh.
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General Solution of nonhomogeneous ODE

Theorem 6 (General Solution of nonhomogenous ODE)
If p(x), q(x) and r(x) in (9) are continuous on (a, b), then every solution of (9) on
(a, b) is obtained by assigning suitable values to the arbitrary constants c1, c2
in general solution (10) on (a, b)

The proof will be provided after constructing solution by variation of
parameters since the existence of yp by construction will be detailed.
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Omitted Proof

31



Linear Dependence and Independence of
Solutions

Theorem 7 (Linear Dependence and Independence of Solutions)
Suppose y1, y2 are independent solution of (8) on (a, b) with x0 ∈ (a, b), then
any solution y can be written in the form αy1 + βy2 for some α, β ∈ R. If S
denotes the set of all solutions of (8), then S is a linear space and dimS ≤ 2.

Proof: Let y be a solution and let y1, y2 be linearly independent solutions of
(8). By superposition principle, αy1 + βy2 is also a solution.

32



Linear Dependence and Independence of
Solutions
Proof (Continued): Consider the following system

αy1(x0) + βy2(x0) = K0

αy′1(x0) + βy′2(x0) = K1

In matrix form [
y1(x0) y2(x0)
y′1(x0) y′2(x0)

] [
α
β

]
=

[
K0

K1

]
The values of α and β can be uniquely determined if the determinant is
non-zero.
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Linear Dependence and Independence of
Solutions
Proof (Continued): Define

W (x) =

∣∣∣∣y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣ = y1y
′
2 − y2y′1

If we prove thatW (t) 6= 0, then α, β are uniquely determined, then it proves
that y can be written in the form y = αy1 + βy2 for some α, β ∈ R and hence
dimS ≤ 2. It is enough to prove thatW (t) 6= 0 if y1, y2 are independent.
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Linear Dependence and Independence of
Solutions
Proof (Continued): Claim: EitherW ≡ 0 orW is never zero.

W (x) = y1y
′
2 − y2y′1

W ′(x) = y′1y
′
2 + y1y

′′
2 − y′2y′1 − y2y′′1 = y1y

′′
2 − y2y′′1

= y1(−py′2 − qy2)− y2(−py′1 − qy1)
= −py′2y1 − qy2y1 + py2y

′
1 + qy2y1

= −p(y1y′2 − y2y′1) = −pW

=⇒ W ′ = −pW =⇒ W = Ce−
�
p(x)dx

From this it is clear that if C = 0,W ≡ 0, and if C 6= 0,W 6= 0 as exponential
will never be zero.
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Linear Dependence and Independence of
Solutions
Proof (Continued): Claim: W ≡ 0 if and only if y1, y2 are dependent. Suppose
y1 and y2 are dependent, then either y1 = ky2 or y2 = ly1 for some k, l.
Therefore, y′1 = ky′2

W (x) = y1y
′
2 − y2y′1 = k(y2y

′
2 − y2y′2) = 0 =⇒ W ≡ 0

Conversely assume thatW ≡ 0. Therefore,W (x) = 0 for all x.
Case 1: If y1 ≡ 0 or y2 ≡ 0, nothing to prove.
Case 2: If y1 6= 0, y2 6= 0. Then there exists a point xi such that y(xi) 6= 0 for
some xi.
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Linear Dependence and Independence of
Solutions
Proof (Continued):
Therefore, there exists an interval (c, d) ⊂ (a, b) such that for all
xi ∈ (c, d), y1(xi) 6= 0.

0 =
W (x)

y21
=
y1y
′
2 − y2y′1
y21

= d

(
y2
y2

)
=⇒ y2

y1
= k =⇒ y2 = ky1

This is true for all x ∈ (c, d). By uniqueness property it is true everywhere in
(a, b). Hence, if y1, y2 are independent, thenW (x) 6= 0.
In the above proof,

W = Ce−
�
p(x)dx

is called Abel’s formula.
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