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About the Course
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Introduction

• Solving mathematical problems require more practical effort
• Listen to Lectures, Read Books and Try to Solve Problems
• If you do not solve problems, you delude yourself that you understand

everything, you will be awakened only when first problem you attempt in
Quiz-1 or Test-1
• Enough problems are given at the end of each class. Work out those

problems before the next class
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Introduction

• Work with this course material, think about it, write your own comments,
solve problems and make yourself comfortable. If you follow this,
problems will be familiar to you like finding your home in a street where
you live as you wandered around your home many times, otherwise,
solving the problem will be like trying to locate your home from the map
locations.
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Introduction

• Instructor helps you to understand each topic thoroughly, rather than
remember how to go through the mechanics of a proof or calculation
• If you mug-up the proof and calculation, it will be retained in your brain

until examination and erases afterwards
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Introduction

• Attend lectures, reread the lecture notes, correct mistakes of them
• Read reference books and text books, correlate with lecture notes
• Solve problems from lecture notes, books, past exam papers
• Discuss the subject with your friend and colleagues
• Convincingly explain the topic to your friend so that you will really

understand it yourself.
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Marks

Component Marks Topics
Each Lab 3× 10 = 30 6 Problems in each Lab1

Mid Term 10 + 10 = 20 Error, Nonlinear Eq. Linear Algebra
Assignments 10 5 Assignments (Theory + Code)
End Semester Lab 20 All
End Semester Theory 20 All

1Must be completed in 3 hours 6



Mathematical
Modelling
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Mathematical Model
Mathematical Model: There are different definitions available from different
authors related to mathematical model. To name a few
• A mathematical model is a triplet (S,Q,M) where S is a system,Q is a

question relating to S, andM is a set of mathematical statements
M = {Σ1,Σ2, · · ·Σn} which can be used to answer Q.
• A mathematical model can be broadly defined as a formulation or

equation that expresses the essential features of a physical system or
process in mathematical terms.
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Mathematical Model
A mathematical model consists of the following elements
• Governing Equations
• Supplementary Sub-models: Defining equations and Constitutive

equations
• Constraints and Assumptions: Initial and Boundary conditions
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Functional Relationship
In general, the governing equations are written as a functional relationship
between input and output parameters. That is

(y1, y2, · · · , ym) = f(x1, x2, · · · , xn)

DV = f(IV, P, F )

where yi’s and xj ’s denote input and output parameters respectively. DV and
IV respectively denote dependent and independent variables. P and F
denote parameters and forcing functions respectively.
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Example

Example 1
Cancer cells grow exponentially with a doubling time of 20hwhen they have an
unlimited nutrient supply. However, as the cells start to form a solid spherical
tumor without a blood supply, growth at the center of the tumor becomes lim-
ited, and eventually cells start to die. Exponential growth of cell numberN can
be expressed as shown, where µ is the growth rate of the cells. That is

dN

dt
= µN
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Numerical Analysis:
What? Why? How?
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Numerical Analysis

• A study of algorithms that use numerical approximation for the problems
of mathematical analysis.
• Area of mathematics and computer science that creates, analyzes, and

implements algorithms for solving numerically the problems of
mathematics.
• Problems originate from real world applications, engineering, natural

sciences, medicine and so on.
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Numerical Analysis: School Memories
• Numerical Approach to Natural Logarithms
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https://www.jstor.org/stable/27959249?seq=1#metadata_info_tab_contents


Numerical Analysis: School Memories

• Numerical Approach to Natural Logarithms:
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Numerical Analysis: School Memories

• Numerical Approach to Natural Logarithms: Greatest Discovery of 16th
Century
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Numerical Analysis: School Memories

• Normal Distribution Table
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Numerical Weather Prediction

• Weather Prediction
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Numerical Analysis: Car Crash

• Car Crash using Finite Element Analysis
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Numerical Analysis: Rocket/Missile

• Trajectories of Rocket and Missiles
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Numerical Analysis: Applications

• Stock Market
• Aerospace Industry
• All Engineering Disciplines
• Most of the Medical Industries
• Actuarial Analysis

• ...
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Numerical Analysis: Areas

• Numerical Solution of System of Linear Equations
• Numerical Solution of System of Nonlinear Equations
• Numerical Optimization
• Numerical Integration
• Numerical Differentiation
• Numerical Interpolation
• Best approximations
• Wavelets
• ...
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Numerical Analysis:
History
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Historical Background

• Root finding Method: 1650 BC, Egyptian Rhind Papyrus
• Caculating Length, Areas and Volume of Geometric Figures: 400-350 BC

Eudoxus, 285 BC Archimedes
• Greek Mathematicians: Trigonometric functions, Chord of a circle to the

arc it subtends, Chord function, Hipparchus (140 BC), Ptolemy (140)

“A logarithmic table is a small table by which we can obtain a knowledge of
all geometrical dimensions and motins in space, by a very easy calculation.”

–John Napier
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Historical Background

• Solving the Cubic sin 3α = 3x− 4x3, Al-Kashi (1400)
• Properties of Exponents: Stifel (1487-1567)
• Logarithms Table: John Napier (1550-1617), Burgi (1552-1634)
• Calculus Development : Newton (1642-1727), Leibniz (1646-1716)
• Mechanization: Charles Babbage (1791-1871)
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Historical Background

• Polynomial Interpolation: Newton (1642-1727)
• Lagrange Interpolation: Lagrange (1736-1813)
• Other mathematicians: Gauss, Euler, Cholesky, Jacobi, Adams-Bashforth

and so on
For detailed history of each topic, please refer the book: H.H. Goldstine, A
History of Numerical Analysis from the 16th through the 19th Century,
Springer, 1977.
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Prerequisites
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Numerical Analysis: Prerequisites

• Real Analysis
• Linear Algebra
• Functional Analysis [For Advanced Topics]
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Numerical Analysis: Keywords

• Error: Roundoff, truncation, bounds
• Stability, sensitive to data
• Ill-posed problem
• Conditioning
• Iteration, algorithm
• Convergence
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Limit

Definition 2 (Limit)
A function f defined on a setX of a real numbers has the limit L at x0, written

lim
x→x0

f(x) = L

if, for any given real number ε > 0, there exists a real number δ > 0 such that

|f(x)− L| < ε, whenever x ∈ X and 0 < |x− x0| < δ

30



Continuous

Definition 3 (Continuous)
Let f be a function defined on a set X of real numbers and x0 ∈ X. Then f is
continuous at x0 if

lim
x→x0

f(x) = f(x0)

The function is continuous on the set X if it is continuous at each number in
X.
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Set of all Continuous functions

Remarks:
1. The set of all functions that are continuous on a setX is denoted by
C(X).

2. The set of all functions that are continuous at every real number is
denoted by C(R).
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Convergent Sequence

Definition 4
Let {xn}∞n=1 be an infinite sequence of real numbers. This sequence has the
limit x or converges to x if, for any ε > 0, there exists a positive integer N(ε)
such that |xn − x| < ε whenever n > N(ε)

lim
n→∞

xn = x

means that the sequence converges to x.
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Convergent Sequence

Example 5

lim
n→∞

n+ 1

n
= 1

lim
n→∞

(
n+ 1

n

)n

= e
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Theorem

Theorem 6
If f is a function defined on a set X of real numbers and x0 ∈ X , then the
following statements are equivalent
1. f is continuous at x0

2. If {xn}∞n=1 is any sequence inX converging to x0, then

lim
n→∞

f(xn) = f(x0)
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Differentiable

Definition 7 (Derivative)
Let f be a function defined in an open interval containing x0. The function f is
differentiable at x0 if

f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

exists. The number f ′(x0) is called the derivative of f at x0. A function that has
a derivative at each number in a setX is differentiable onX.
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Theorem and Remarks

Theorem 8
If the function f is differentiable at x0, then f is continuous at x0.

Remark:
1. The set of all functions that have n continuous derivatives on a setX is

denoted by Cn(X).
2. The set of all functions that have continuous derivatives of all order at

every real number is denoted by C∞(R).
3. C1(R) ⊂ C(R). Example, |x| ∈ C(R), |x| /∈ C1(R).
4. C∞(R) · · · ⊂ C2(R) ⊂ C1(R) ⊂ C(R). Example: ex ∈ C∞(R).
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Rolle’s Theorem

Theorem 9 (Rolle’s Theorem)
Suppose f ∈ C[a, b] and f is differentiable on (a, b). If f(a) = f(b), then a
number c ∈ (a, b) exists with f ′(c) = 0.
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Mean Value Theorem

Theorem 10 (Mean Value Theorem)
If f ∈ C[a, b] and f is differentiable on (a, b), then a number c ∈ (a, b) exists
with

f ′(c) =
f(b)− f(a)

b− a
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Extreme Value Theorem

Theorem 11 (Extreme Value Theorem)
If f ∈ C[a, b], then c1, c2 ∈ [a, b] exists with f(c1) ≤ f(x) ≤ f(c2), for all x ∈
[a, b]. In addition, if f is differentiable on (a, b), then the numbers c1 and c2 occur
either at the end points of [a, b] or where f ′ is zero.
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Generalized Rolle’s Theorem

Theorem 12 (Generalized Rolle’s Theorem)
Suppose f ∈ C[a, b] and f is n times differentiable on (a, b). If f(x) = 0, at the
n+ 1 distinct numbers a ≤ x0 < x1 < · · · < xn ≤ b, then a number c ∈ (x0, xn)
exists with f (n)(c) = 0.
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Intermediate Value Theorem

Theorem 13 (Intermediate Value Theorem)
Suppose f ∈ C[a, b] andK is any number between f(a) and f(b), then a number
c ∈ (a, b) exists with f(c) = K.
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Taylor’s Theorem

Theorem 14 (Taylor’s Theorem)
Suppose f ∈ Cn[a, b], f (n+1) exists and x0 ∈ [a, b]. For every x ∈ [a, b], there
exists a number ξ(x) between x0 and x with

f(x) = Pn(x) +Rn(x),

wherePn(x) andRn(x) are called thenth Taylor polynomials and the remainder
term or truncation error respectively and are given by

Pn(x) =
n∑

k=0

f (k)(x0)

k!
(x− x0)k

and

Rn(x) =
f (n+1)(ξ(x))

(n+ 1)!
(x− x0)n+1
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Remarks

Remarks
1. Rn(x) depends on Pn(x).
2. One of the common problem in numerical methods is try to determine a

realistic bound for the value of f (n+1)(ξ(x)).
3. The infinite series obtained by taking the limit Pn(x) as n→∞ is called

the Taylor series of f about x0.
4. If x0 = 0, then the Taylor Polynomial is often called Maclaurin polynomial

and the Taylor series is often called a Maclaurin series.

44



Example

Example 15

lnx =

n−1∑
k=1

(−1)k−1 1

k
(x− 1)k + (−1)n

1

n+ 1
ξ−(n+1)(x− 1)n+1

ex =
n−1∑
k=0

1

k!
xk +

1

n+ 1
ξ−(n+1)xn+1

where x ∈ [1, 2], ξ ∈ (1, x)
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Riemann Integral

Definition 16 (Riemann Integral)
The Riemann integral of a function f on the interval [a, b] is the following limit,
provided it exists:

� b

a
f(x)dx = lim

max ∆xi→x0

n∑
i=1

f(zi)∆xi

where the numbers x0, x1, · · · , xn satisfy a = x0 ≤ x1 ≤ x1 ≤ · · · ≤ xn = b,
where ∆xi = xi − xi−1, for each i = 1, 2, · · · , n and zi is arbitrarily chosen in
the interval [xi−1, xi]

46



Weighted Mean Value Theorem for Integrals

Theorem 17 (Weighted Mean Value Theorem for Integrals)
Suppose f ∈ C[a, b], the Riemann integral of g exists on [a, b] and g(x) does not
change sign on [a, b]. Then there exists a number c ∈ (a, b) with

� b

a
f(x)g(x)dx = f(c)

� b

a
g(x)dx
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Thanks
Doubts and Suggestions

panch.m@iittp.ac.in
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