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Master Theorem

Theorem 1
Consider the recurrence relation

T (n) = aT
(n
b

)
+ f(n)

where a and b are constants. Then
1. If f(n) = O(nlogb a−ε) for some constant ε > 0, then T (n) = O(nlogb a).
2. If f(n) = Θ(nlogb a), then T (n) = Θ(nlogb a log n).
3. If f(n) = O(nlogb a+ε) for some constant ε > 0 and if f satisfies the

smoothness condition af
(
n
b

)
≤ cf(n) for some constant c < 1, then

T (n) = Θ(f(n)).
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Master Theorem: Proof
The following observation is easy to prove and left as an exercise

T (n) =

logb n∑
i=0

aif
(n
bi

)
+O(nlogb a) (1)

Proof of (1):

T (n) =

logb n∑
i=0

aif
(n
bi

)
+O(nlogb a) ≤

logb n∑
i=0

ai
(n
bi

)logb a−ε
+O(nlogb a) (2)

If we claim the following, then proof of (1) follows immediately

logb n∑
i=0

ai
(n
bi

)logb a−ε
= O(nlogb a)
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Master Theorem: Proof
Claim:

logb n∑
i=0

ai
(n
bi

)logb a−ε
= O(nlogb a)

logb n∑
i=0

ai
(
n

bi

)logb a−ε
= nlogb a−ε

∑logb n
i=0 aib−i logb abiε = nlogb a−ε

∑logb n
i=0 aia−ibiε

= nlogb a−ε
∑logb n

i=0 biε = nlogb a−ε b
ε(logb n+1)−1

bε−1

= nlogb a−ε n
εbε−1
bε−1 ≤ n

logb a−ε nεbε

bε−1 = nlogb a bε

bε−1

= O(nlogb a)
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Master Theorem: Proof
Proof of (2): In the above proof, use ε = 0

logb n∑
i=0

ai
(n
bi

)logb a
= nlogb a

∑logb n
i=0 biε = nlogb a

∑logb n
i=0 1

= nlogb a(logb n+ 1) = Θ(nlogb alogb n)

Hence
T (n) = Θ(nlogb alogb n) +O(nlogb a) = Θ(nlogb alogb n)
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Master Theorem: Proof
Proof of (3): We need to prove that

C1f(n) ≤ T (n) ≤ C2f(n)

Lower bound is easy to prove and left as exercise. For the upper bound, we
need the additional condition, that is smoothness condition. The smoothness
condition is satisfied by

f(n) = nlogb a+ε

for any ε > 0 with c = b−ε < 1.
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Master Theorem: Proof
Proof of (3):

af
(n
b

)
= a

(n
b

)logb a+ε
= anlogb a+εb− logb ab−ε = f(n)b−ε

In this case,
aif

(n
bi

)
≤ cif(n)

logb n∑
i=0

ai
(n
bi

)logb a ≤ logb n∑
i=0

cif(n) ≤ f(n)

∞∑
i=0

ci = f(n)
1

1− c

Hence
T (n) ≤ f(n)

1

1− c
+O(nlogb a) = O(f(n))

7



Order and Rate of
Convergence
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Order and Rate of Convergence

Definition 2 (Linear Convergence and Rate of Convergence)
Let {xn}∞n=1 be an infinite sequence of real numbers converging to a limitL. We
say that the convergence is at least linear if there exists a constant 0 < c < 1
such that

lim
n→∞

|xn+1 − L|
|xn − L|

= c

The number c is called the rate of convergence.
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Superlinear Convergence

Definition 3 (Superlinear)
Let {xn}∞n=1 be an infinite sequence of real numbers converging to a limit L.
We say that the convergence is superlinear if there exists a sequence rn → 0
and an integer N such that

|xn+1 − L| ≤ rn|xn − L|, n ≥ N

Equivalently

lim
n→∞

|xn+1 − L|
|xn − L|

= 0
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Sublinear Convergence

Definition 4 (Sublinear)
Let {xn}∞n=1 be an infinite sequence of real numbers converging to a limit L.
We say that the convergence is sublinear if

lim
n→∞

|xn+1 − L|
|xn − L|

= 1
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logarithmic Convergence

Definition 5 (Logarithmic)
Let {xn}∞n=1 be an infinite sequence of real numbers converging to a limit L.
We say that the convergence is logarithmic if

lim
n→∞

|xn+1 − L|
|xn − L|

= 1

and
lim
n→∞

|xn+2 − xn+1|
|xn+1 − xn|

= 1
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Order of Convergence

Definition 6 (Order)
Let {xn}∞n=1 be an infinite sequence of real numbers converging to a limit L.
We say that the convergence is at least of order α if there exists constants C
and α and an integer N such that

lim
n→∞

|xn+1 − L|
|xn − L|α

= C

If α = 1, linearly convergent, α = 2, quadratically convergent, α = 3, cubically
convergent and so on.
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Exercise

Exercise 1: Medium

1. Verify whether the following are true or not.

5

n
+ e−n = O

(
1

n

)
e−n = o

(
1

n2

)
ln 2−

n−1∑
k=1

(−1)k−1
1

k
= O

(
1

n

)

ex −
n−1∑
k=0

xk
1

k!
= O

(
1

n!

)
(|x| ≤ 1)
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Exercise

Exercise 2: Medium

3. Prove that

10 ln(n) + 5(ln(n))3 + 7n+ 3n2 + 6n3 = O(n3)

4. Prove that 1
2n converges linearly with rate of convergence 1

2

5. Prove that 1
22n

converges superlinearly or quadratically
6. Prove that 1

2n2 converges superlinearly.

7. Prove that 1
n+1 converges logarithmically or sublinearly.

8. Prove that 1
nk , k > 0 converges linearly.
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Exercise

Exercise 3: Medium

10. Prove that

nα

n+ 1
→


0 if α < 1

1 if α = 1

∞ if α > 1
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Errors
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Errors

Example 7
Mars Climate Orbiter: A project from NASA to build an orbiter to study the
Martian climate and atmosphere at the cost of $125 million in 1998 failed
due to metric conversion mistakes. The Jet Propulsion laboratory (JPL) en-
gineers used meters and kilograms in their calculations whereas Lockheed
Martin Astronautics who designed and built the spacecraft provided the data
in feet, inches and pounds. Therefore, the acceleration calculation in pounds-
seconds2 was not translated properly to Newtons-seconds2. When the probe
came too close to mars and maneuver into orbit and destroyed. Later, it was
found that it was due to failed translation of the English units into metric units
in a piece of software.
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Errors

Example 8
TheVasaWarship: Thiswarship sank less than amile into heremaiden voyage
and 30 people died in 1628. Later it was found that it is due to different systems
of measurement. Two rulers were used Swedish feet = 12 inches and another
two rulers used Amsterdam feet = 11 inches.
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Errors

Example 9
The Gimli Glider: When Air Canada flight 143 (between Montreal and Ed-
monton) used its first craft in metric measurements, the pilot measured fuel
tank in dripstick, converted the measurement of volume into one of weight in
pounds and entered in the management computer. Therefore, less than half
the amount of intended fuel had been loaded which have made one engine
failure. However, the pilot was able to glide the aircraft safely at an Air Force
base in Gimli.
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Errors

Example 10
Laufenburg Bridge: It is a bridge between Germany and Switzerland. Sea
levels varies from place to place. Germany uses its sea level reference from
Amsterdam. Switzerland takes its sea-level reference from Geneva. Two sea
levels reference, one from North Sea and another from Mediterannean. has a
height difference as 27cm. Builders made miscalculations and one side was
54cm higher than the other.
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Errors

Figure 1: Laufenburg Bridge, Source: Wikipedia

22



Errors

Example 11
Boeing 737 Max Software and angle of attack: A new software was added for
automatic control system named as Maneuvering Characteristics Augmenta-
tion System (MCAS) Boeing flights. An aerodynamics stall occurs when the
aircraft exceeds its critical angle of attack. Due to wrong angle of attack cal-
culations, Indonesia flight crash and Ethiopia flight crash occured.
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Errors

Example 12
The Patriot Missile Failure: American Patriot Missile battery in Saudi Arabia
duringGulf war failed to attack Iraqi scudmissile andmade human deaths. The
cause was an inaccurate calculation of the time since boot due to computer
arithmetic errors. The time in tenths of second as measured by the internal
clock was multiplied by 10 to produce the time in seconds. This calculation
was performed in 24 bit fixed point register. In particular, the value 1/10, which
has a non-terminating binary expansion, was chopped at 24 bits after the radix
point. The small chopping error, when multiplied by the large number giving
the time in tenths of a second, led to a significant error.
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Errors

Example 13
The Patriot Missile Failure: Indeed, the Patriot battery had been up around 100
hours, and an easy calculation shows that the resulting time error due to the
magnified chopping error was about 0.34 seconds. (The number 1/10 equals
1/24+1/25+1/28+1/29+1/212+1/213+.... In other words, the binary expansion
of 1/10 is 0.0001100110011001100110011001100.... Now the 24 bit register in
the Patriot stored instead 0.00011001100110011001100 introducing an error
of 0.0000000000000000000000011001100... binary, or about 0.000000095
decimal. Multiplying by the number of tenths of a second in 100 hours gives
0.000000095× 100× 60× 60× 10 = 0.34.).
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Errors

Example 14
The Patriot Missile Failure: A Scud travels at about 1,676 meters per second,
and so travels more than half a kilometer in this time. This was far enough that
the incoming Scud was outside the "range gate" that the Patriot tracked. More
details can be found here.
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Errors

Example 15
On June 4, 1996 an unmanned Ariane 5 rocket launched by the European
Space Agency exploded just forty seconds after its lift-off from Kourou, French
Guiana. Ariane explosion The rocket was on its first voyage, after a decade of
development costing $7 billion. The destroyed rocket and its cargo were val-
ued at $500million. A board of inquiry investigated the causes of the explosion
and in twoweeks issued a report. It turned out that the cause of the failure was
a software error in the inertial reference system. Specifically a 64 bit floating
point number relating to the horizontal velocity of the rocket with respect to
the platform was converted to a 16 bit signed integer. The number was larger
than 32,767, the largest integer storeable in a 16 bit signed integer, and thus the
conversion failed. More details can be found here.
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Errors

Example 16
In German parliamentary elections, a party with less than 5.0% of the vote can-
not be seated. The Greens appeared to have a cliff-hanging 5.0%, until it was
discovered (after the results had been announced) that they really had only
4.97%. The printout was to two figures, and the actual percentagewas rounded
to 5.0%.
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Errors

Example 17
Floating point calculation requires many steps to be performed in a processor,
which takes time and slows down processor speed. With the Pentium pro-
cessor, Intel introduced a floating point unit (FPU) which makes the processor
much faster for floating point calculations. The problem of the algorithm was
that it needed a table (division table) with values which were used to perform
the calculation steps. This table was incorrectly entered and shipped out with
millions of chips in 1994. However, this error only affected the results of cer-
tain calculations within a specific range and the error might not even show up
for many users. At first, Intel played down the possible negative outcomes of
erroneous calculations and only offered to replace processors for users which
were able to prove that they need the high accuracy which caused problems.
Eventually Intel decided to replace the faulty processors for anyone.
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Errors
Inaccuracy or bias is defined as systematic deviation from the truth.
Imprecision or uncertainty refers to magnitude of the scatter. When a
numerical method is designed, it should be sufficiently accurate or unbiased
to meet the requirements of the particular problem. There should be precise
enough for adequate design.

Figure 2: Accuracy and Precision, Source: Chapra Book (a) inaccurate and imprecise,
(b) accurate and imprecise, (c) inaccurate and precise (d) accurate and precise. 30



Error Definitions

True Value = Approximation + True Error (3)

Let Et denote the true error or exact value of the error or absolute error, then
we obtain

True Error = True Value− Approximation (4)
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Error Definitions
The disadvantage of this definition is that, it is not taking into account the
order of magnitude of the value. Alternatively, you can normalize it and define
True fractional relative error or true percentage relative error

True fractional relative error =
true value− approximation

true value
(5)

true percentage relative error =
true value− approximation

true value
100% (6)
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Error Definitions
In practical, true value is rarely available, for example, in numerical methods
true values are known only when analytical solution or true answer is known a
priori. An alternative to normalize the error using the best available estimate
of the true value, that is the approximation itself,

percent relative error =
present approximation− previous approximation

present approximation
100%

(7)
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Error Definitions
Often, we may not concern the sign of the error, in computations, but
interested in the absolute value of the percent relative error is lower than
prescribed tolerance εs. We repeat the computation until, it satisfies the
following stopping criterion.

|percent relative error| < εs (8)
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Error Definitions

Definition 18
True Error, Absolute Error and Relative Error: Suppose that ã is an approxima-
tion to a. Then the true error or actual error is

Et = a− ã,

the absolute error is
Etabs = |a− ã|

and the relative error is
εt =

|a− ã|
|a|

,

provided that a 6= 0.
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Floating Point
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Fixed Point System

• Every real number is represented by a finite or infinite sequence of
decimal digits in a decimal notation.
• Most of the computers have two ways of representing numbers, called

fixed point and floating point.
• In a fixed point system, all numbers are given with a fixed number of

decimals after the decimal point. For example, number with 4 decimals,
are 1.6250, 45.3903, 0.3393.
• However, fixed-point representations are not applicable in most scientific

computations due to their limited range.
For example, let us consider the following: Avogadro number, planck’s
constant, distance between earth and sun, light year and so on. Representing
these constants are complicated in fixed point, however, it can be written in
floating point as follows:
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Some Constants

Avagodro Constant = 6.02214076× 1023

Planck’s Constant = 6.62607004× 10−34m2kg/s

Distance between Sun and Earth = 1.4711× 1011m

Light Year = 9.4605284× 1015m
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Floating Point

• floating point system, the number of significant digits is kept fixed,
whereas the decimal point is floating.
• Here, a significant digit of a number c is any given digit of c, except

possibly for zeros to the left of the first nonzero digit;
• these zeros serve only to fix the position of the decimal point. Note that,

any other zero is a significant digit of c.

12300, 1.2300, 0.0012300

all have 5 significant digits.
In the bunch of constants, we have used exponents to represent very large
and very small numbers. That is a number 156.78 could be represented as
0.15678× 103 in a floating point base-10 system.
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Floating Point
In fact, theoretically, any nonzero number a can be written as

a = ±m× 10n, 0.1 ≤ |m| < 1, n integer (9)

in the floating point base-10 system. Here

a = 0.d1d2 · · · dk × 10n, 0 ≤ di ≤ 9 (10)
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Floating Point in Computers
Computers use only binary number, therefore,m is limited to k binary digits
and n is limited, which gives the following representations, called as floating
point base-2 system.

c = ±b× 2n, b = 0.b1b2 · · · bk, b1 > 0 (11)

These numbers c is called k-digit binary machine numbers. Fraction partsm
or b is called the mantissa. n or n are called exponent of a or c.
Note that, one can represent only finitely many numbers using this notation
and they become less and less dense with increasing a. That is, there are as
many numbers between 1 and 3 as there are between 1000 and 2020.

41



Machine Epsilon
Let ε be the smallest positive machine number with 1 + ε > 1, also known as
machine accuracy. Then there are no numbers in the interval,
[1, 1 + ε], [2, 2 + 2ε], · · · , [2020, 2020 + 2020ε]. So, when a computation
produces an output 2020 + 2020 ε2 , then the computer will be either 2020 or
2020ε. Therefore, it is not possible to obtain greater accuracy.
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float
In 1985, the IEEE (Institute for Electrical and Electronic Engineers) published a
report called Binary Floating Point Arithmetic Standard 754-1985. There are
three formats for handling the binary and decimal floating point numbers as
per IEEE754-2008 report, namely single, double and extended precision.
Float or Single Precision floating point: A 32-bit (binary digit) is used for a
real number. The first is a sign indicator, denoted s. This is followed by an
8-bit exponent, e, called exponents, and a 23-bit binary fraction, f , called
mantissa. The base for the exponent is 2. The name is single precision as it
occupies a single 32 bit register.

Figure 3: Float
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float
The real value assumed by given float is

(−1)b31 × (1.b22b21 · · · b0)2 × 2(b30b29b28···b23)2−127

which gives the value as

value = (−1)sign ×

(
1 +

23∑
i=1

b23−i2
−i

)
× 2(e−127)
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float
Here

sign ∈ {−1, 1}, e = (b30b29b28 · · · b23)2 =

7∑
i=0

b23+i2
i

e ∈ {1, 2, · · · , 28 − 2} = {1, 2, · · · , 254}
2e−127 ∈ {2−126, 2−125, · · · , 2127} = {10−38, · · · , 1038}

(1.b22b21 · · · b0)2 = 1 +

23∑
i=1

b23−i2
−i

(1.b22b21 · · · b0)2 ∈ {1, 1 + 2−23, · · · , 2− 2−23} ⊂ [1, 2)

SPmin = 1.17549435× 10−38, SPmax = 1.70141183× 1038.
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double
Double: A 64-bit (binary digit) is used for a real number. The first is a sign
indicator, denoted s. This is followed by an 11-bit exponent, e, called
exponents, and a 52-bit binary fraction, f , called mantissa. The base for the
exponent is 2. It requires two register and hence the name double.

Figure 4: Double
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double
The real value assumed by given double is

(−1)b63 × (1.b51b50 · · · b0)2 × 2(b62b61b60···b52)2−1023

which gives the value as

value = (−1)sign ×

(
1 +

52∑
i=1

b52−i2
−i

)
× 2(e−1023)
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double
Here

sign ∈ {−1, 1}, e = (b62b61b60 · · · b52)2 =

10∑
i=0

b52+i2
i

e ∈ {1, 2, · · · , 211 − 2} = {1, 2, · · · , 2046}
2e−1023 ∈ {2−1022, 2−1021, · · · , 21023} = {10−308, · · · , 10308}

(1.b51b50 · · · b0)2 = 1 +

52∑
i=1

b52−i2
−i

(1.b51b50 · · · b0)2 ∈ {1, 1 + 2−52, · · · , 2− 2−52} ⊂ [1, 2)

DPmin = 2.2250× 10−308,DPmax = 1.7977× 10308.
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Quadruple
Quadruple Precision: A 128-bit (binary digit) is used for a real number. The
first is a sign indicator, denoted s. This is followed by an 15-bit exponent, e,
called exponents, and a 112-bit binary fraction, f , called mantissa. The base
for the exponent is 2. It requires 4 registers.

Figure 5: Quadruple
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Quadruple
The real value assumed by given quadruple is

(−1)b127 × (1.b112b111 · · · b0)2 × 2(b126b125···b112)2−16383

which gives the value as

value = (−1)sign ×

(
1 +

112∑
i=1

b112−i2
−i

)
× 2(e−16383)
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Quadruple
Here

sign ∈ {−1, 1}, e = (b126b125 · · · b112)2 =

14∑
i=0

b112+i2
i

e ∈ {1, 2, · · · , 215 − 2} = {1, 2, · · · , 32766}
2e−16383 ∈ {2−16382, 2−16381, · · · , 216383} = {10−4932, · · · , 104932}

(1.b112b111 · · · b0)2 = 1 +

112∑
i=1

b112−i2
−i

(1.b112b111 · · · b0)2 ∈ {1, 1 + 2−112, · · · , 2− 2−112} ⊂ [1, 2)

QPmin = 3.3621× 10−4932, QPmax = 1.1897× 104932.
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Overflow and Underflow
Overflow and Underflow: Without considering the sign of the digit, single,
double and quadruple precision floating points respectively can represent a
finitely many values in the interval [SPmin, SPmax], [DPmin, DPmax] and
[QPmin, QPmax]. In a computation, if a number x outside these interval
occurs, then either underflow or overflow occurs. That is, if x is a single
precision result and |x| ≥ SPmax, then it is called overflow. Similarly, if
|x| ≤ SPmin, then it is called underflow. The same argument applies when x is
double or quadruple precision with their respective min and max values. For
underflow, usually x = 0 is assigned and the computation continues. During
the overflow, a few computers cease to function, whereas standard codes are
written to avoid overflow.
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Chopping
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Chopping
Chopoff errors occurs as digital computers cannot represent some quantities
exactly. They are important to engineering and scientific problems solving
because they can lead to erroneous results. In some cases, it can lead to
unstable results, said to be ill-conditioned. When a has a floating point
base-10 system representation,

a = ±m× 10n = ±0.d1d2 · · · dkdk+1dk+2 · · · × 10n (12)

and if we chop off the digits from dk+1, it produces

aC = ±m× 10n = ±0.d1d2 · · · dk × 10n (13)
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Chopping
Chopoff Rule: For chopping, we simply chop off all but the first k digits, to
obtain aC . Since, we are discarding all decimals from some decimal on, it is
also called as chopping error.

Etabs = |a− aC | ≈ |m−m|
= |0.d1d2 · · · dkdk+1dk+2 · · · × 10n − 0.d1d2 · · · dk × 10n|
= |0.dk+1dk+2 · · · × 10n−k| ≤ 10n−k

εt =

∣∣∣∣a− aCa

∣∣∣∣ ≈ ∣∣∣∣m−mm

∣∣∣∣ =
|0.dk+1dk+2 · · · × 10n−k|

|0.d1d2 · · · dkdk+1dk+2 · · · × 10n|

=
|0.dk+1dk+2 · · · |

|0.d1d2 · · · dkdk+1dk+2 · · · |
× 10−k ≤ 1

0.1
10−k = 101−k
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Chopping
The last step is obtained as the numerator is bounded by 1, d1 6= 0 and the
minimal value of the denominator is 0.1

Definition 19
Chopoff Error Let aC denote floating point approximation of a obtained by
chopping the first k-digits, then the chopoff rule gives the relative error as

εt =

∣∣∣∣a− aCa

∣∣∣∣ ≈ ∣∣∣∣m−mm

∣∣∣∣ ≤ 101−k.

The right side u = 101−k is called the chopping unit.
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Roundoff
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Roundoff
Similar to chopping, we can also, obtain the rounding off as follows:

aR = ±m× 10n = ±0.δ1δ2 · · · δk × 10n (14)

Here,

δk =

{
dk + 1 if dk+1 ≥ 5

dk if dk+1 < 5

aR =

{
±(0.d1d2 · · · dk × 10n + 10n−k) if dk+1 ≥ 5

±0.d1d2 · · · dk × 10n if dk+1 < 5
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Roundoff
Roundoff Rule: For rounding, when dk+1 ≥ 5, we add 1 to dk and obtain δk and
chop off the rest, to obtain aR, we name it as round up. When dk+1 < 5, we
simply chop off all but the first rest k digits, to obtain aR, we name it as round
down. Since, we are discarding all decimals from some decimal on, it is also
called as chopping error.
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Roundoff

Example 20
In Excel sheet, you can work with the following:
• ROUND(1.2535,1)=1.3
• ROUND(1.2535,2)=1.25
• ROUND(1.2535,3)=1.254
• ROUND(1.99999999,6)=2
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Roundoff

Example 21
Find the five-digit (a) round and (b) chop off values of the irrational number π.
Solution: π = 3.14159265...

a = 0.314159265...× 101

(a)
Roundup = 0.31416× 101 = 3.1416

(b)
Chop = 0.31415× 101 = 3.1415
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Roundoff Error
If dk+1 < 5

Etabs = |a− aR| ≈ |m−m|
= |0.d1d2 · · · dkdk+1dk+2 · · · × 10n − 0.d1d2 · · · dk × 10n|

= |0.dk+1dk+2 · · · × 10n−k| ≤ 10n−k

εt =
∣∣a−aR

a

∣∣ ≈ ∣∣m−mm ∣∣
=

|0.dk+1dk+2···×10n−k|
|0.d1d2···dkdk+1dk+2···×10n|

=
|0.dk+1dk+2···|

|0.d1d2···dkdk+1dk+2···| × 10−k

≤ 1
0.1 × 10−k = 101−k
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Roundoff Error
If dk+1 ≥ 5

Etabs = |a− aR| ≈ |m−m|
= |0.d1d2 · · · dkdk+1dk+2 · · · × 10n − 0.d1d2 · · · dk × 10n − 10n−k|

= |0.dk+1dk+2 · · · × 10n−k − 10n−k| ≤ 0.5× 10n−k

εt =
∣∣a−aR

a

∣∣ ≈ ∣∣m−mm ∣∣
=
|0.dk+1dk+2···×10n−k−10n−k|
|0.d1d2···dkdk+1dk+2···×10n|

=
|0.dk+1dk+2···−1|

|0.d1d2···dkdk+1dk+2···| × 10−k

≤ 0.5
0.1 × 10−k = 1

2 × 101−k
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Roundoff Error

Definition 22
Roundoff Error Let aR denote floating point approximation of a obtained by
rounding the first k-digits, then the roundoff rule gives the relative error as

εt =

∣∣∣∣a− aRa

∣∣∣∣ ≈ ∣∣∣∣m−mm

∣∣∣∣ ≤ 1

2
101−k.

The right side u = 1
2101−k is called the rounding unit.

If we write aR = a(1 + δ), we have aR−a
a = δ. Therefore, |δ| ≤ u. This shows

that u is an error bound in rounding.
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Roundoff
Disadvantages:
• Rounding errors may ruin a computation completely, even a small

computation.
• Rounding errors can cause more dangerous problem when millions of

arithmetic operations are performed.
• Since digital computer have magnitude and precision limits on their

ability to represent numbers, roundoff can cause error when input data
are highly sensitive.
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Roundoff

Example 23
Obtain the εt for π = 3.14159265 for 3 digits, 4 digits and 5 digits.
Solution: π = 3.14159265

a = 0.314159265× 101

For, 3 digits
aR = 0.314× 101

=⇒ εt =
|0.314159265× 10− 0.314× 10|

0.314159265× 10
= 0.507× 10−5

For, 4 digits
aR = 0.3142× 101

=⇒ εt =
|0.314159265× 10− 0.3142× 10|

0.314159265× 10
= 0.1297× 10−5
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Roundoff

Example 24
For, 5 digits

aR = 0.31416× 101

=⇒ εt =
|0.314159265× 10− 0.31416× 10|

0.314159265× 10
= 0.236× 10−7
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Loss of Significant
Digits
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Loss of Significant Digits
Although, roundoff errors are inevitable and difficult to control, there are other
types of error in computation, that are under our control. A result of
calculation has a fewer correct digits than the number from which it was
obtained. Loss of significant digits can occur if two number of about the
same size, and produces large relative error. For example,
x = 0.3721478693, y = 0.3720230572, x− y = 0.0001248121

εt =
|xR − yR − x+ y|

|x− y|
= 0.04.

This may occur in simple problems, bur it can be avoided in most cases by
simple changes in algorithm. To avoid this situations where accuracy can be
jeopardized by a subtraction between nearly quantities.
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Loss of Significant Digits

Example 25
For example

y =
√
x2 + 1− 1

involves subtractive cancellation and loss of significance for small value of x.
To avoid this, we can rewrite it as

y =
√
x2 + 1− 1×

√
x2 + 1 + 1√
x2 + 1 + 1

=
x2√

x2 + 1 + 1
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Loss of Significant Digits

Theorem 26
If x and y are positive normalized floating point base-2 system such that x > y
and

2−q ≤ 1− y

x
≤ 2−p,

then at most q and at least p significant binary digits are lost in subtraction
x− y.
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Truncation Error
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Truncation Error
Truncation error are those that result from using an approximation of an
exact mathematical procedure. For example, the Taylor series for sin(x) is

sinx = x− x3

3!
+
x5

5!
− x7

7!
+ · · ·

In practice, it is not possible to use all of the infinite number of terms in the
series for computing the sine of angle x. We usually terminate the process
after a certain number of terms. The error that results due to such a
termination or truncation is called as ’truncation error’. Using Big O notation,
we have written that

sinx = x− x3

6
+O(x5) (x→ 0).
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Truncation Error
Usually in evaluating logarithms, exponentials, trigonometric functions,

hyperbolic functions etc. an infinite series of the form f(x) =
∞∑
i=0

aix
i is

replaced by a finite series Pn(x) =
n∑
i=0

aixi. Thus a truncation error of

Rn(x) =
∞∑

i=n+1
aix

i is introduced in the computation.
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Truncation Error

Example 27
Consider the evaluation of ex for the first three terms at x = 0.2

ex = 1 + x+
x2

2!
+
x3

3!
+
x4

4!
+
x5

5!
+
x6

6!
+ · · ·

ex ' 1 + x+
x2

2!

e0.2 ' 1 + 0.2 +
0.04

2
= 1.22
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Truncation Error

Example 28
Truncation Error

Rn(x) =
∞∑
i=3

xi

i!
=
x3

3!
+
x4

4!
+
x5

5!
+
x6

6!
+ · · ·

=
0.008

6
+

0.0016

24
+ · · ·

= 0.00133 + 0.000066 + · · ·
= 0.133× 10−2 + 0.0066× 10−2 + · · ·

∴ Truncation Error ≤ 10−2
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Error Propagation
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Error Propagation
The relative error εt looks useless when a is unknown. In this case, we obtain
in practice the error bound βt for ã, that is, there is a βt such that

|εt| ≤ βt.

Similarly, for the absolute error, we have an error bound βtabs such that

|εtabs| ≤ βtabs.

It is another important concept in numerical analysis. It deal with how errors
at the beginning and in later step propagate into the computation and affect
accuracy and sometimes dangerously.
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Error Propagation

Theorem 29
In addition and subtraction, an error bound for the results is given by the sum
of the error bounds for the terms.

Theorem 30
In multiplication and division, an error bound for the relative error of the results
is given (approximately) by the sum of the bounds for the relative errors of the
given numbers.
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Algorithm and Stability
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Algorithm and Stability
Numeric methods can be formulated as algorithms. An algorithm is a
step-by-step procedure that states a numeric method in a form (a
pseudocode) understandable to humans. This algorithm is used to write a
program in a programming language that computers can understand so that
it can execute the numeric method.
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Algorithm and Stability
Stable: An algorithm should be stable, that is, small changes in the initial
data should cause only small changes in the final results. If small changes in
the initial data can produce a large changes in the final results, then the
algorithm is unstable.
The numeric instability can be avoided by choosing a better algorithm. Please
do not confuse between mathematical instability, that is ill-conditioning and
numerical instability.
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Total Numerical Error
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Total Numerical Error
The total numerical error is the summation of the truncation and roundoff
errors. To minimize the roundoff errors, one has to increase the number of
significant figures of the computer. As, we have discussed, roundoff errors
may increase due to subtractive cancellation or due to an increase in the
number of computations. Truncation error can be reduced by decreasing the
step size (will be discussed more detail in Finite Difference Method).
Decrease in step size can lead to subtractive cancellation or to an increase in
computations. The truncation errors are decrease as the roundoff errors are
increased. Therefore, decreasing one component of the total error leads to an
increase of the other component. Therefore, finding the appropriate size for a
particular computation is a challenging task.
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Total Numerical Error

Figure 6: Truncation and Roundoff trade-off
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