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Nonlinear Equations:
Open Methods
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Recap: Bracketing Methods

• For bracketing methods, the root is located within an interval.
• Iteratively applying the bracketing methods, we estimate a closer values

to the true value of the root.
• These methods converge because they move closer to the truth.
• However, there is a disadvantage that, we have to find the two guesses

one for a0 and one for b0 which brackets the roots.
• A wrong guess of either a0 or b0 will go vain.
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Introduction: Open Methods

• In contrast, the open methods require a single starting value or two
starting value that do not necessarily bracket the root.
• Open methods converge much faster that bracketing methods.
• However, the disadvantage of open methods is that, it can diver or move

away from the true root.

3



Secant Method
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Secant Method

• As we have seen earlier, Newton-Rapshon method requires calculation of
derivatives always.
• Instead of this, Secant method uses an equivalent method to compute

the roots as a general-purpose procedure, however the convergence is as
fast as Newton-Raphson method.
• However, Secant method requires two starting values.
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Secant Method
As per the Newton-Rapshon method we have

xn+1 = xn −
f(xn)

f ′(xn)

By the definition of derivative we have

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

f ′(x) ≈ f(x+ h)− f(x)

h
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Secant Method
In particular x = xn and h = xn−1 − xn, we have

f ′(x) ≈ f(xn−1)− f(xn)

xn−1 − xn

Therefore, the Newton-Raphson method becomes

xn+1 = xn −
xn − xn−1

f(xn)− f(xn−1)
f(xn)
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Secant Method

• The name Secant is used because on the right hand side instead of the
tangent f ′(x) we have used the slope of the secant line to the graph of f .
• For the same reason, Newton-Rapshon method is called as tangent

method.
• From the equation, it is clear that we require two starting values say
x0, x1.
• Then the sequence can generate the rest.
• Once again if f(xn)− f(xn−1) are nearly zero, either loss of significant

digits or overflow error can occur.
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Secant Method

Pseudocode 1: Secant Method
1 Function Secant(x0, x1,M, ε, δ)
2 for i = 1, 2, ...,M do
3 x2 = x1 − f(x1)(x0−x1)

f(x0)−f(x1)

4 if x2 6= 0 then
5 εa ← |x2−x1

x2
|

6 Display i,x1, x0, εa
7 if |εa| < δ or |f(x1)| < ε then
8 break the for loop
9 else
10 x0 = x1
11 x1 = x2
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Secant Method : Convergence Analysis
From the comparison of False-position method and Secant method you can
observe that both are almost same and hence the order of convergence of
Secant method is also the golden ratio.
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Secant Method

Example 1
UseSecantmethod to locate the root of f(x) = ex−1.5−tan−1(x), withx0 = −7
and x1 = −10.0.

Iteration (i) xi−1 xi xi+1 |f(xi+1)|
0 -7.000000 -10.000000 -12.090831 0.011718
1 -10.000000 -12.090831 -13.522760 0.003017
2 -12.090831 -13.522760 -14.019379 0.000412
3 -13.522760 -14.019379 -14.097931 0.000017
4 -14.019379 -14.097931 -14.101250 0.000000

The root is -14.101250
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Secant Method

Example 2
Use Secant method to locate the root of f(x) = cos(x) − x with x0 = 0 and
x1 = π/4.

Iteration (i) xi−1 xi xi+1 |f(xi+1)|
0 0.000000 0.785398 0.728373 0.017886
1 0.785398 0.728373 0.738978 0.000180
2 0.728373 0.738978 0.739085 0.000000

The root is 0.739085.
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Secant Method

Example 3
Use Secant method to locate the root of f(x) = x10 − 1 with x0 = 0, x1 = 0.78.

Iteration (i) xi−1 xi xi+1 |f(xi+1)|
0 1.200000 2.000000 1.195919 4.984373
1 2.000000 1.195919 1.191982 4.790263
2 1.195919 1.191982 1.094827 1.474313
3 1.191982 1.094827 1.051630 0.654365
4 1.094827 1.051630 1.017157 0.185442
5 1.051630 1.017157 1.003524 0.035806
6 1.017157 1.003524 1.000262 0.002623
7 1.003524 1.000262 1.000004 0.000041
8 1.000262 1.000004 1.000000 0.000000

The root is 1.0.
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Multiple Roots
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Multiple Roots
One of the disadvantage of Newton-Raphson and Secant method is that we
must have f ′(xr) 6= 0 and f(xr) 6= 0. To overcome this difficulty, let us employ
another way.

Definition 4
Multiplicity: A root xr of f(x) = 0 is a root of muliplicity m of f if for x 6= xr ,
we can write

f(x) = (x− xr)mQ(x)

where
lim
x→xr

Q(x) 6= 0

Theorem 5
The function f ∈ C1[a, b] has a simple root at xr in (a, b) if and only if f(xr) = 0
and f ′(xr) 6= 0. 15



Multiple Roots

Theorem 6
The function f ∈ Cm[a, b] has a root of multiplicity m at xr in (a, b) if and only
if

f(xr) = f ′(xr) = f ′′(xr) = f (m−1)(xr) = 0 but f (m)(xr) 6= 0

If a root is simple root, then Newton-Rapshon method can be applied. Now,
let us define a new function

µ(x) =
f(x)

f ′(x)

If xr is a root of f of multiplicitym with f(x) = (x− xr)mQ(x), then

f ′(x) = m(x− xr)m−1Q(x) + (x− xr)mQ′(x)
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Multiple Roots

µ(x) =
(x− xr)mQ(x)

m(x− xr)m−1Q(x) + (x− xr)mQ′(x)

= (x− xr)
Q(x)

mQ(x) + (x− xr)Q′(x)

At x = xr , we have µ(xr) = 0. Now,

µ′(x) =
Q(x)

mQ(x) + (x− xr)Q′(x)
+ (x− xr)

[
Q(x)

mQ(x) + (x− xr)Q′(x)

]′
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Multiple Roots
At x = xr , we have

µ′(xr) =
1

m

If we apply the Newton-Raphson method for the function µ(x), we obtain that

xn+1 = xn −
µ(xn)

µ′(xn)
= x− f(xn)

f ′(xn)

f ′(xn)2

f ′(xn)2 − f(xn)f ′′(xn)

xn+1 = xn −
f(xn)f ′(xn)

f ′(xn)2 − f(xn)f ′′(xn)

The above iteration provides the root of the function f under certain
continuity and differentiability conditions and it converges quadratically for
the root of multiplicitym of f . Here, we need more work on f with
computation of f ′′ also. 18



Comparison
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Comparison of Methods

Method Initial Guess Formula
Bisection a0, b0with xr

n = an+bn
2

f(a0)f(b0) < 0 change an+1 = xr
n

or bn+1 = xr
n

False Position a0, b0 with xr
n = bn − f(bn) an−bn

f(an)−f(bn)
f(a0)f(b0) < 0 change an+1 = xr

n or
bn+1 = xr

n
Fixed Point x0 , then rewrite xn+1 = f(xn)

g(x) = 0 as f(x) = x

Newton-Raphson x0 xn+1 = xn −
f(xn)

f′(xn)

Secant xn+1 = xn −
f(xn)(xn−1−xn)

f(xn−1)−f(xn)

x0, x1 xn+1 = xn
xn = xn−1

Modified

Newton-Raphson x0 xn+1 = xn −
f(xn)f′(xn)

f′(xn)2−f(xn)f′′(xn)
for multiple roots
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Comparison of Methods

Method Merits Demerits Failures
Bisection Always converge Slow Convergence For complex roots

Linear Convergence or even multiple roots
False Position Always converge, 1.618 Slow Convergence For complex roots

Faster than Bisection or even multiple roots
convergence order 1.618 for significant curvature

Fixed Point Simple to compute Converges Fails for |f ′(x)| > 1
Linear Convergence when |f ′(x)| < 1

Newton-Raphson Widely used, Converges Finding derivative inflection point
faster if it does is difficult, diverge extrema
Quadratic convergence or poor convergence tangent or slope zero

Secant No derivatives Selecting initial guess inflection point
faster if it does is difficult, diverge extrema
convergence order 1.618 or poor convergence tangent or slope zero

Modified Useful for multiples Finding derivatives are Not useful
Newton-Raphson root cases difficult, inefficient for functions
for multiple roots Quadratic convergence for simple roots with simple roots
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Accelerating the
Convergence
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Accelerating the Convergence

• From previous discussions we have observed that bisection method and
fixed point methods converge linearly, whereas Newton-Rapshon and
modified Newton-Rapshon method converge quadratically.
• Also, false-position and secant methods converge with the order of

convergence as golden ratio.
• Now, using the Aitken’s ∆2 method, we can accelerate the convergence

regardless of a sequence that is linearly convergent
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Aitken’s ∆2 method
Suppose {xn}∞n=0 is a linearly convergent sequence converging to xr. We can
accelerate the convergence based on the following assumptions:
xn − xr, xn+1 − xr, xn+2 − xr are having same signs and for a large n, we have

xn+1 − xr
xn − xr

≈ xn+2 − xr
xn+1 − xr
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Aitken’s ∆2 method
Then, we have

(xn+1 − xr)2 ≈ (xn+2 − xr)(xn − xr)
x2n+1 − 2xn+1xr + x2r ≈ xn+2xn − (xn + xn+2)xr + x2r

(xn+2 + xn − 2xn+1)xr ≈ xn+2xn − x2n+1

xr ≈
xn+2xn − x2n+1

xn+2 + xn − 2xn+1

=
xn+2xn − x2n+1 − 2xnxn+1 − 2xnxn+1 − x2n + x2n

xn+2 + xn − 2xn+1

= xn −
(xn+1 − xn)2

xn+2 + xn − 2xn+1
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Aitken’s ∆2 method
Using the Aitken’s ∆2 method, based on the assumption that the sequence
{yn}∞n=0 defined by

yn = xn −
(xn+1 − xn)2

xn+2 + xn − 2xn+1
(1)

converges more rapidly to xr then the original sequence {xn}∞n=0 converges
to xr
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Aitken’s ∆2 method

Theorem 7
If the sequence {xn}∞n=0 converges toxr , then the sequence {yn}∞n=0 converges
to xr faster if xn+1−xr = (c+δn)(xn−xr) with |c| < 1 and lim

n→∞
δn = 0. Further

lim
n→∞

yn − xr
xn − xr

= 0
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Aitken’s ∆2 method
Now, if we define ∆xn = xn+1 − xn, for n ≥ 0 and
∆2xn = ∆xn+1 −∆xn = xn+2 − 2xn+1 + xn, then yn can be written as

yn = xn −
(∆xn)2

∆2xn
(2)

From this we can understand the meaning of Aitken’s ∆2 method.
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Steffensen’s Methodfor fixed point iteration
By employing the Aitken’s method to a linearly convergent sequence obtained
from fixed point iteration, we can accelerate the convergence to quadratic.
This procedure is known as Steffensen’s method. Suppose we have fixed
point iteration

x0, x1 = f(x0), x2 = f(x1)

Then use Aitken’s ∆2 method to compute

x3 = y0, x4 = f(x3), x5 = f(x4), x6 = y3

and repeat the above steps. That is every third term of the Steffensen
sequence is generated by the Aitken’s ∆2 method whereas the rest are
calculated using fixed-point iteration.
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Steffensen’s Method for fixed point iteration

Pseudocode 2: Steffensen Method: Convert g(x) = 0 to x = f(x)

1 Function Steffensen Method for (x0,M, ε, εs)
2 n = 0
3 for i = 1, 2, ...,M do
4 xi = f(xi−1)
5 if xi 6= 0 then
6 εa ← |xi−xi−1

xi
|

7 Display i, x1, x0, εa
8 if |εa| < δ or g(xi) < ε then
9 break the for loop

10 if mod (i, 3) = 0 then
11 yn = xn − (xn+1−xn)2

xn+2+xn−2xn+1
, xi = yn, n = n+ 3
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Steffensen’s Method for fixed point iteration

Theorem 8
Suppose that f(x) = x has a fixed point xr with f ′(xr) 6= 1. If there exists δ > 0
such that f ∈ C2([xr − δ, xr + δ]), then Steffensen’s method gives quadratic
convergence for any x0 ∈ [xr − δ, xr + δ].
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Accelerating the Newton-Rapshon Method
When the Newton-Raphson method is not applicable when the derivative of
any function is not defined. Therefore, the Newton-Raphson method was
modified by Steffensen. The Steffensen method for solving the equation
f(x) = 0 uses the formula

xn+1 = xn −
(f(xn))2

f(xn + f(xn))− f(x)
(3)

This method also converges quadratically like Newton-Raphson method
however it is free from derivatives.
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Accelerating the Newton-Rapshon Method
The following modifications on Newton-Raphson method converges cubically

xn+1 = xn −
2f(xn)f ′(xn)

2f ′(xn)2 − f(xn)f ′′(xn)
(4)
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Generalized Newton-Rapshon Method
A generalized Newton-Rapshon method is given by

xn+1 = xn − ω
(f(xn))2

f ′(xn)
(5)

where the constant ω is a an acceleration factor chosen to increase the rate
of convergence.
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Exercises

Exercise 1: Medium

1. Using Newton-Rapshon method, compute the root of
√

2 with
x0 = 1

2. Find the root of the following equations (with appropriate starting
values)
2.1 2x(1− x2 + x) lnx = x2 − 1 in [0, 1]
2.2 tanx− x = 0 with x0 = 7
2.3 ex −

√
x+ 9 with x0 = 2

2.4 x3 = sinx+ 7 with x0 = 1
2.5 sinx = 1− x with x0 = 2
2.6 e−x − cosx = 0 with x0 = π/2

35



Exercises

Exercise 2: Medium

1. The iteration formula

xn+1 = xn − cosxn sinxn +R cos2 xn

where R is a positive constant was obtained by applying Newton
method to some function f . What was f(x)?

2. Two of the four roots of x4 + 2x3 − 7x2 + 3 are positive. Find them
by using Newton-Raphson method.

3. What happens if the Newton-Raphson method is applied to
f(x) = tan−1 x with x0 = 2? For what values of x0,
Newton-Raphson method converge?
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Exercises

Exercise 3: Medium

1. Find the root of the following functions (with appropriate starting
values)
1.1 f(x) = x

2 + 1
x with x0 = 1

1.2 f(x) = 10− 2x+ sinx
1.3 f(x) = ex + 1
1.4 x2 − 4 sinx
1.5 x3 + 6x2 + 11x− 6

2. Suppose xr is a root of multiplicitym of f , where f (m) is
continuous on an open interval containing xr. Show that the
fixed-point method has g′(xr) = 0 : where

g(x) = x− mf(x)

f ′(x)
37



Exercises

Exercise 4: Hard

1. Prove that Steffensen’s method for fixed point iteration converges
quadratically

2. Prove that Steffensen’s method for Newton-Raphson method
converges quadratically

3. Olver’s Method: Consider the following method

xn+1 = xn −
f(xn)

f ′(xn)
− 1

2

f ′′(xn)f(xn)2

f ′(xn)3

Assume that f ∈ C4[a, b], f(xr) = 0, f ′(xr) 6= 0. Prove that the
order of convergence of Olver’s method is at least 3.
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